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CONVERGENCE OF TEICHMU¨LLER DEFORMATIONS IN THE
UNIVERSAL TEICHMU¨LLER SPACE
HIDEKI MIYACHI AND DRAGOMIR SˇARIC´
Abstract. Let ϕ : D→ C be an integrable holomorphic function on the unit
disk D and Dϕ : D→ T (D) the corresponding Teichmu¨ller disk in the universal
Teichmu¨ller space T (D). For a positive t it is known that Dϕ(t) → [µϕ] ∈
PMLb(D) as t→ 1, where µϕ is a bounded measured lamination representing
a point on the Thurston boundary of T (D). We extend this result by showing
that Dϕ : D→ T (D) extends as a continuous map from the closed disk D to the
Thurston bordification. In addition, we prove that the rate of convergence of
Dϕ(λ) when λ→ eiθ is independent of the type of the approach to eiθ ∈ ∂D.
1. Introduction
Let D be the unit disk equipped with the hyperbolic metric and f : D → D
a quasiconformal map. Then f extends by continuity to a quasisymmetric map
h : S1 → S1 of the unit circle S1. Conversely, a quasisymmetric map h : S1 → S1
extends to a quasiconformal map of D and there are infinitely many such extensions
(See [6], [13]).
The universal Teichmu¨ller space T (D) consists of all quasiconformal maps f :
D → D up to an equivalence relation (See [12], [6]). Namely, two quasiconformal
maps f1, f2 : D → D are equivalent if there exists a conformal map c : D → D
such that f−12 ◦ c ◦ f1 extends by continuity to the identity on S1. We will use an
equivalent definition (See [12], [6]):
T (D) = {h : S1 → S1 : h is quasisymmetric and fixes 1, i, −1}.
The Thurston boundary of the universal Teichmu¨ller space T (D) is identified with
the space PMLb(D) of projective bounded measured laminations on D (See §2. See
also [4], [18]). In this paper, we describe the closure of Teichmu¨ller disks in the
Thurston bordification T (D) ∪ PMLb(D) of the universal Teichmu¨ller space T (D).
In particular, if a sequence in the parameter of the Teichmu¨ller disk converges to a
point on the unit circle the corresponding sequence in T (D) converges to a unique
point in PMLb(D) independently of the type of approach (e.g. along a geodesic,
along a horocycle or even outside any horoball).
In previous works [7], [8], [9], Hakobyan and the second author of this paper
showed that for an integrable holomorphic quadratic differential ϕ on D, the cor-
responding Teichmu¨ller geodesic of T (D) has a unique limit point on Thurston
boundary of T (D). The limit point [µϕ] ∈ PMLb(D) is the projective class of the
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transverse measure to the geodesic straightening of the vertical foliation of ϕ mul-
tiplied by the reciprocal of the length of the vertical leaves (See Remark 1.2). For
an integrable holomorphic quadratic differential ϕ on D, the Teichmu¨ller disk is a
holomorphic disk in T (D) given by the family of Beltrami differentials {λϕ/|ϕ|}λ∈D.
Let Dϕ(λ) be the Teichmu¨ller equivalence class associated to the Beltrami differ-
ential λϕ/|ϕ|. We will prove the following, which is a generalization of a result in
[7].
Theorem 1.1 (Teichmu¨ller deformation has the limit). As λ → eiθ ∈ ∂D =
S1, Dϕ(λ) converges to the projective class of µe−iθϕ in the Thurston boundary
PMLb(D) of T (D). Furthermore, the Teichmu¨ller disk Dϕ : D→ T (D) is extended
as a homeomorphism from the closed unit disk D onto the image in the Thurston
bordification T (D) ∪ PMLb(D).
Remark 1.2 (Limiting measured laminations). Almost all vertical leaves of e−iθϕ
have exactly two limit points on S1 (See [19]). The measured lamination µe−iθϕ
has support on the geodesic lamination of D obtained by replacing the (vertical)
leaves of e−iθϕ with geodesics (for the hyperbolic metric) of D that have the same
endpoints as vertical leaves. The transverse measure of µe−iθϕ is given by the
integral ∫
I
1
l(z)
dx
where l(z) is the length of the vertical trajectory through z = x+ yi ∈ I and dx is
the differential of the horizontal displacement in the natural parameter z = x+ yi
of e−iθϕ. Notice that (unlike in the case of closed surfaces) it is not simply the
horizontal transverse measure induced by ϕ. In fact, almost all vertical leaves of
e−iθϕ have finite length (in the metric |
√
e−iθϕ(ζ)dζ|) and the transverse measure
is scaled by the reciprocal of the length of the vertical leaves thus giving us a new
type of limit when compared to closed surfaces (See [7]).
Theorem 1.1 suggests that the behavior of the Teichmu¨ller disks in T (D) is
“tame” when compared to the behavior of those in the finite dimensional Te-
ichmu¨ller space. Namely, when S is a closed Riemann surface of genus at least
two, Masur [16] proved that the Teichmu¨ller geodesics in T (S) corresponding to
holomorphic quadratic differentials with uniquely ergodic vertical foliations have a
unique limit point on the Thurston boundary of T (S). However, when the verti-
cal foliation of a holomorphic quadratic differential on S is not uniquely ergodic
the corresponding Teichmu¨ller geodesic can have more than one limit point on the
Thurston boundary of T (S) (See [5], [14], [15]). As related topic, for a closed Rie-
mann surface S of genus at least two and a holomorphic quadratic differential on
S whose vertical foliation is uniquely ergodic, Jiang-Su [10] and Alberge [2] proved
that the corresponding horocyclic path has a unique limit point on the the Thurston
boundary of T (S) which is the projective class of the vertical foliation. However,
to the authors knowledge, the other cases (e.g. the convergence to S1 outside any
horoball based at S1) are still not understood for compact surfaces.
A geodesic current on D is a positive Radon measure on the space of geodesics
of D (See [3], [4], [18]. See also § 2). The Liouville map L maps the universal
Teichmu¨ller space T (D) into the space of geodesic currents by taking the pull-back
of the Liouville measure L on the space of geodesics of D (See [3], [4], [18]. See
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§2). The universal Teichmu¨ller space T (D) is homeomorphic to its image L(T (D))
inside the space of geodesic currents (See [3] and [4]).
By definition, the Thurston boundary of the universal Teichmu¨ller space T (D)
consists of limit points in the space of projective geodesic currents of the projec-
tivization of L(T (D)). Let hλ : S1 → S1 be the quasisymmetric map fixing 1, i
and −1 that represents the Teichmu¨ller deformation Dϕ(λ). Since L(hλ) → ∞
in the space of geodesic currents as λ → eiθ, it is natural to consider the rate of
convergence to the infinity.
Theorem 1.3 (Asymptotics of Teichmu¨ller deformation). Let hλ : S
1 → S1 be the
quasisymmetric map that represents Dϕ(λ) in T (D). Then, as λ→ eiθ,
1− |λ|
2pi
L(hλ)→ µe−iθϕ.
Acknowledgement. The authors thank the referee for his/her fruitful comments
and careful reading.
2. Thurston boundary of the universal Teichmu¨ller space
Denote by D = {z : |z| < 1} the unit disk equipped with the hyperbolic metric
2|dz|
1−|z|2 . Each oriented hyperbolic geodesic is uniquely determined by an ordered pair
of distinct endpoints, the initial point and end point of the geodesic. Therefore, the
space of all oriented (hyperbolic) geodesics of D is identified with (S1 × S1) \ diag,
where diag is the diagonal of S1×S1 and S1 = ∂D. The space of geodesics contains
a unique (up to a positive multiple) positive Borel measure of full support which is
invariant under the isometries of D, called the Liouville measure. It is defined by
L(A) =
∫
A
dαdβ
|eiα − eiβ |2
for any Borel set A ⊂ (S1 × S1) − diag. For a box of geodesics [a, b] × [c, d], with
a, b, c, d ∈ S1 given in the counterclockwise order, the Liouville measure is given by
(See Bonahon [3])
L([a, b]× [c, d]) = log (c− a)(d− b)
(d− a)(c− b) .
The universal Teichmu¨ller space T (D) consists of all quasisymmetric maps h :
S1 → S1 that fix 1, i and −1. A geodesic current on D is a positive Radon measure
on the space of geodesics (S1 × S1) − diag. Let G(D) be the space of geodesic
currents on D. Bonahon [3] introduced an embedding of the Teichmu¨ller space
T (S) into the space of geodesic currents equipped with the weak* topology via the
Liouville map, where S is a closed surface of genus at least two. Moreover, T (D)
and T (X), for X any Riemann surface, embeds into the space of geodesic currents
when equipped with the uniform weak* topology (See [4], [18]). The Liouville map
L : T (D)→ G(D)
is defined by
L(h) = (h−1)∗(L)
where h : S1 → S1 is quasisymmetric and (h−1)∗(L) is the push-forward of the
Liouville measure L by h−1 (i.e. the pull-back of L by h).
By definition, the Thurston boundary of T (D) is the set of all boundary points of
the image of L(T (D)) in the projective geodesic currents PG(D) equipped with the
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quotient of the uniform weak* topology. It turns out that the Thurston boundary
consists of all projective bounded measured laminations PMLb(D), where the pro-
jective class of a geodesic current [β] ∈ PG(D) is said to be a projective measured
lamination if the support of β consists of non-intersecting geodesics. A projective
measured lamination [β] is said to be bounded if supI β(I) is bounded where I runs
all transverse geodesic arc of unit length (See [4], [18]).
Given an integrable holomorphic function ϕ : D → C, the corresponding Te-
ichmu¨ller geodesic is given by the equivalence class of quasiconformal maps
gt(z) = x+
1− t
1 + t
yi
where 0 ≤ t < 1 and z = ∫∗√ϕ(ζ)dζ is the natural parameter for D defined by ϕ.
Let kt : S
1 → S1 be a quasisymmetric map representing the equivalence class of gt.
Notice that the maximal dilatation K(gt) of gt is equal to
1+t
1−t when 0 ≤ t < 1.
Let µϕ be measured lamination on D whose support is the closure of the set of
(hyperbolic) geodesics which have the same endpoints on S1 as vertical trajectories
of ϕ, i.e the leaves of µϕ are obtained by straightening the vertical trajectories of
ϕ. Since almost all vertical trajectories have two distinct limit points on S1 (See
[19]), it follows that to almost every vertical trajectory there corresponds a unique
hyperbolic geodesic in the support of µϕ.
We define the µϕ-measure of a box of geodesics [a, b] × [c, d] as follows. If no
vertical trajectories have one endpoint in [a, b] and another endpoint in [c, d] then
µϕ([a, b] × [c, d]) = 0. In general, consider the set of all vertical trajectories that
have one endpoint in [a, b] and another endpoint in [c, d]. Let {Jk}k be at most
countable collection of compact subarcs of the horizontal arcs of ϕ such that every
vertical trajectory with one endpoint in [a, b] and another endpoint in [c, d] intersects
exactly one Jk, and no other vertical trajectory of ϕ intersects any Jk. We define
µϕ([a, b]× [c, d]) :=
∞∑
k=1
∫
Jk
∣∣∣Re(√ϕ(ζ)dζ)∣∣∣
l(ζ)
=
∑
k
∫
J′k
|dx|
l(z)
where J ′k is the image of Jk under the canonical coordinates z = x+ti corresponding
to ϕ and l(ζ) is the ϕ-length of the vertical trajectory through ζ, and similar for
l(z).
Then (See [7])
lim
t→1
K(gt)
−1L(kt) = µϕ
in the weak* topology on the geodesic currents G, where µϕ is the above measured
lamination of D. This implies that µϕ is bounded. In general, an example showed
that the above convergence does not hold for the uniform weak* topology (See [7]).
3. Modulus of a curve family
Let Γ be a family of curves in C. A metric ρ(z)|dz|, where ρ(z) ≥ 0 and mea-
surable, is said to be allowable for Γ if for every γ ∈ Γ we have∫
γ
ρ(z)|dz| ≥ 1.
The modulus of a curve family Γ is given by
mod(Γ) = inf
ρ
∫∫
C
ρ2(z)dxdy
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where the infimum is over all allowable metrics ρ(z)|dz| for the curve family Γ.
The following properties of the modulus of families of curves are standard:
1. If Γ1 ⊂ Γ2 then mod(Γ1) ≤ mod(Γ2).
2. mod(
⋃∞
i=1 Γi) ≤
∑∞
i=1 mod(Γi). The equality holds if Γi and Γj (i 6= j) are
contained in mutually disjoint domains.
3. If every γ2 ∈ Γ2 contains some γ1 ∈ Γ1 as a subcurve then mod(Γ1) ≥
mod(Γ2).
4. Liouville measure of boxes and modulus of curves
In [8], Hakobyan and the second author observed that the Liouville measure and
the modulus of a curve family are asymptotic to each other.
Lemma 4.1 (See [8]). Let (a, b, c, d) be a quadruple of points on S1 in the coun-
terclockwise order. Let Γ[a,b]×[c,d] consist of all differentiable curves γ in D which
connect [a, b] ⊂ S1 with [c, d] ⊂ S1. Then
mod(Γ[a,b]×[c,d])− 1
pi
L([a, b]× [c, d])− 2
pi
log 4→ 0
as mod(Γ[a,b]×[c,d])→∞, where L is the Liouville measure.
If mod(ht(Γ[a,b]×[c,d]))→∞ as t→∞, then Lemma 4.1 implies
(1) lim
t→∞
mod(ht(Γ[a,b]×[c,d]))
L(ht)([a, b]× [c, d]) →
1
pi
.
Moreover, mod(ht(Γ[a,b]×[c,d])) is bounded if and only if L(ht)([a, b] × [c, d]) is
bounded.
5. Proof of the Theorems
5.1. Convergence of Liouville measures. For s+ti ∈ H>0 = {w ∈ C | Re(w) >
0}, we consider quasiconformal mappings fs+ti : D→ D with Beltrami coefficients
1− (s+ ti)
1 + (s+ ti)
ϕ
|ϕ| .
In the natural parameter z = x+ yi =
∫
∗
√
ϕ(ζ)dζ, the corresponding quasiconfor-
mal mappings are
fs+ti(z) =
1
s
x− t
s
y + yi
for s+ ti ∈ H>0. Define
D∗ϕ : H>0 → T (D); D∗ϕ(s+ ti) =
[1− (s+ ti)
1 + (s+ ti)
ϕ
|ϕ|
]
.
We will prove
Theorem 5.1. For any box of geodesics [a, b]× [c, d],
s
s2 + t2
mod(fs+ti(Γ[a,b]×[c,d]))→ µ−ϕ([a, b]× [c, d])
as s+ |t| → ∞, where Γ[a,b]×[c,d] is the set of arcs connecting [a, b] and [c, d] in D.
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Proof of Theorem 1.1. Let A : H>0 → D be given by A(z) = −z+1z+1 . Note that
A(0) = 1, A(1) = 0 and A(∞) = −1. Let λ(s+ti) := A(s+ti) and note that λ→ −1
if and only if s+ |t| → ∞. Since µϕ has no atoms (See [7]) and (Dϕ ◦A)(s+ ti) =
D∗ϕ(s + ti) we have that Dϕ(λ) → [µ−ϕ] as λ → −1 by Theorem 5.1 and Lemma
4.1. Moreover, Dϕ(−eiθλ) = [−eiθλ ϕ¯|ϕ| ] = [λ −e
−iθϕ
|−e−iθϕ| ] = D−e−iθϕ(λ) → [µe−iθϕ]
as λ → −1 by Theorem 5.1. This gives the first statement of Theorem 1.1 since
−eiθλ→ eiθ as λ→ −1.
We define the extension of the Teichmu¨ller disk Dϕ to the closed disk D by
setting
Dϕ(e
iθ) = [µe−iθϕ] (e
iθ ∈ S1).
We proved above that if {λn}n ⊂ D is a sequence converging to eiθ0 ∈ S1 then
Dϕ(λn)→ [µe−iθ0ϕ] as n→∞ in the Thurston bordification. To finish the proof of
continuity, let eiθn → eiθ∞ as n→∞. We need to prove that [µe−iθnϕ]→ [µe−iθ∞ϕ]
and this follows by the diagonal argument. The injectivity of the extension of Dϕ
to the unit circle S1 follows by [7, Theorem 2].
5.2. Proof of Theorem 5.1. An elementary computation gives the Beltrami co-
efficient of fs+ti(z) to be
µ(z) = µs+ti(z) =
1− (s+ ti)
1 + (s+ ti)
.
Since s2 + t2 →∞ as s+ |t| → ∞, the maximal dilatation K(fs+ti) of fs+it behaves
K(fs+ti) =
√
(1 + s)2 + t2 +
√
(1− s)2 + t2√
(1 + s)2 + t2 −√(1− s)2 + t2(2)
=
(
√
(1 + s)2 + t2 +
√
(1− s)2 + t2)2
4s
=
s2 + t2
4s
(√
1 +
2s+ 1
s2 + t2
+
√
1− 2s− 1
s2 + t2
)2
=
s2 + t2
s
(1 + o(1))
as s+ |t| → ∞.
Acknowledgement. We include the proposition below for the convenience of the
reader. The main ideas and techniques are already contained in [7]. In particular,
the idea of estimating the modulus of a curve family under vertical shrinking by a
subfamily of curves which have horizontal variation at most δ > 0 is already used
in [7], [8]. Lemma 4.1 from Section 3 also appears in [7], [8].
Proposition 5.2. Under the above notation
lim sup
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γ[a,b]×[c,d])) ≤ µ−ϕ([a, b]× [c, d]).
Proof. Let B = [a, b] × [c, d] ⊂ (S1 × S1) − diag be a fixed box of geodesics. Let
ν =
∣∣∣Im(√ϕ(ζ)dζ)∣∣∣ = |dy| be the horizontal foliation of ν which is also the vertical
foliation of −ϕ. Note that ν is a measured foliation of D while µ−ϕ is a measured
geodesic lamination of D.
Let ΓB be the family of all Jordan curves that connect [a, b] to [c, d] inside D.
Let δ > 0 be fixed. Define Γ≥δB to be the family of all γ ∈ ΓB such that ν(γ) ≥ δ,
and define Γ<δB to be all γ ∈ ΓB such that ν(γ) < δ (See [7]). Since fs+ti does not
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change the y-coordinate in the canonical parameter of ϕ, we have that curves in
Γ≥δB are mapped onto curves in Γ
≥δ
fs+ti(B)
and curves in Γ<δB are mapped onto curves
in Γ<δfs+ti(B).
Define ρδ(z
′) = 1δ in the canonical parameter z
′ = fs+ti(z) = x′ + y′i of the
terminal quadratic differential on fs+ti(D) corresponding to ϕ and the map fs+ti.
Since lρ(γ) :=
∫
γ
ρδ(z
′)|dz′| ≥ ∫
γ
1
δdy
′, we have
lρ(γ) ≥ 1
δ
δ = 1
for all γ ∈ fs+ti(Γ≥δB ) = Γ≥δfs+ti(B). Thus ρδ is allowable for the family fs+ti(Γ
≥δ
B ) =
Γ≥δfs+ti(B) and by the definition of the modulus mod(fs+ti(Γ
≥δ
B )) ≤ 1δ2
∫
D |ϕ(ζ)|dξdη.
We obtain
(3) lim
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γ
≥δ
B )) ≤ lim
s+|t|→∞
1
s+ t
2
s
1
δ2
∫
D
|ϕ(ζ)|dξdη = 0.
From (2) and the quasi-invariance of the modulus we obtain
(4)
lim
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γ
<δ
B )) ≤ lim
s+|t|→∞
1
s+ t
2
s
K(fs+ti)mod(Γ
<δ
B ) = mod(Γ
<δ
B ).
If all points on S1 are on a finite ϕ-distance from a point in D, then as δ → 0,
Γ<δB converges to the set |νB | of horizontal trajectories of ϕ that have one endpoint
in [a, b] and the other endpoint in [c, d] (See [7]). Here, a sequence of rectifiable
curves γn converges to a curve γ if there is a uniformly Lipschitz parametrizations
of all curves by the same interval so that γn converge uniformly to γ as functions.
A sequence Γn of families of rectifiable curves has limit Γ if Γ consists of all curves
γ such that there is a sequence γn ∈ Γn with γn converges to γ in the above sense.
By applying Keith’s theorem (See [11] and [7]) we have
(5) lim sup
δ→0
mod(Γ<δB ) ≤ mod(|νB |)
as δ → 0. Keith’s theorem is stated for compact metric spaces and in the metric
induced by an integrable holomorphic quadratic differentials some points of S1 could
be on infinite distance from the interior points. Note that even when some points
of S1 are on infinite ϕ-distance the formula (5) holds (See [7, proof of Theorem
1.4]).
Therefore by (4) and (3) we obtain
lim sup
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(ΓB)) ≤ lim sup
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γ
<δ
B ))
+ lim sup
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γ
≥δ
B ))
= mod(Γ<δB ).
Since the left hand side of the above inequality does not depend on δ and the right
hand side converges to mod|νB | as δ → 0, we obtained
lim sup
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(ΓB)) ≤ mod(|νB |).
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Figure 1. The parallelogram Rs+ti = fs+ti(R).
By the use of the Beurling’s criteria (See [1]), we conclude that the metric dyl(z) in
the canonical coordinates z = x+ yi of ϕ is extremal for the family of curves |νB |,
where l(z) is the ϕ-length of the horizontal trajectory through z. Consequently, we
get mod(|νB |) = µ−ϕ(B) and the proof of Proposition 5.2 is finished. 
We also need a converse inequality whose proof is our main contribution. When
the convergence is only along the Teichmu¨ller geodesic this inequality follows essen-
tially by Beurling’s criteria (See [7]) while the proof when the convergence is along
an arbitrary sequence in Dϕ is more substantial. We first prove a special case of
the converse inequality in the following lemma.
Lemma 5.3. Let R = [0, a] × [0, b] and A ⊂ [0, b] be a measurable subset of a
possibly positive Lebesgue measure m(A). Let Γ be the family of curves in R that
connects {0} × ([0, b] \A) and {a} × ([0, b] \A). Then
lim
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γ)) ≥ b− 2m(A)
a
.
Proof. From the large right angled triangle in Figure 1 we get
tanα =
b
|t|
s b
=
s
|t| .
Let h be the Euclidean length of the orthogonal arcs to the two slanted sides of
fs+ti(R). Then the small right-angled triangle gives
sinα =
h
1
sa
.
The above two equalities give
h =
a
s
s
|t|√
1 + s
2
t2
=
a√
s2 + t2
.
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Let l be the length of the subarc of the slanted side of fs+ti(R) that consists of
endpoints of the arcs of length h orthogonal to both slanted sides. Then we have
l =
√
b2 +
t2
s2
b2 − cosαa
s
=
b
s
√
s2 + t2 − 1√
1 + s
2
t2
a
s
which gives
l =
b(s+ t
2
s )− a |t|s√
s2 + t2
.
The family of curves fs+ti(Γ) contains a subfamily Γ
′
s+ti of all line segments that
are orthogonal at both ends to the slanted boundary sides of fs+ti(R) except the
line segments that have at least one endpoint in fs+ti(({0}×A)∪ ({a} ×A)). The
total Lebesgue measure of the set of endpoints of Γ′s+ti is at least l−2m(A)
√
1 + t
2
s2 .
This gives
mod(fs+ti(Γ)) ≥ mod(Γ′s+ti) ≥
l − 2m(A)
√
1 + t
2
s2
h
.
Using the above estimates we obtain
mod(fs+ti(Γ)) ≥
[b(s+ t2s )− a |t|s√
s2 + t2
− 2m(A)
√
1 +
t2
s2
]
:
a√
s2 + t2
=
b
a
(s+
t2
s
)− |t|
s
− 2m(A)
a
s2 + t2
s
and
lim inf
s+|t|→∞
mod(fs+ti(Γ))
s+ t
2
s
≥ lim inf
s+|t|→∞
[ b
a
− |t|
s(s+ t
2
s )
− 2m(A)
a
]
.
Note that lim sups+|t|→∞
|t|
s(s+ t
2
s )
= lim sups+|t|→∞
|t|
s2+t2 = 0 and we obtain
lim inf
s+|t|→∞
mod(fs+ti(Γ))
s+ t
2
s
≥ b− 2m(A)
a

We consider the following situation. Let D = {z = x + yi|y ∈ [0, s0], h2(y) <
x < h1(y)} where h1 is lower semicontinuous and h2 upper semicontinuous function
such that h1(y) > c1 > 0 and h2(y) < c2 < 0. Then D is a domain in C and we
further assume that D has finite Lebesgue area. Denote by ΓD the family of curves
that connects the graphs of h1 and h2 inside D. Let R = [a, b]×[0, s0] be a rectangle
that contains the graphs of h1 and h2 over [0, s0]−A, where A ⊂ [0, s0] is Lebesgue
measurable and 2m(A) < s0. Then we prove
Lemma 5.4. Under the above notation,
lim inf
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(ΓD)) ≥ s0 − 2m(A)
b− a .
Proof. Let Ds+ti := fs+ti(D) and Rs+ti := fs+ti(R). Let Γ
⊥
s+ti be the family of
curves that consists of orthogonal segments to the slanted sides of the parallelogram
Rs+ti such that the endpoints of each γ ∈ Γ⊥s+ti do not belong to ({a}×A)∪({b}×A)
(cf. Figure 1). We claim that each γ ∈ Γ⊥s+ti contains a subcurve in fs+ti(ΓD).
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Indeed, since the graphs of h1 and h2 over [0, s0] − A are in R it follows that
both endpoints of γ are outside Ds+ti. On the other hand γ intersects Ds+ti and
does not intersect the real axis or the line parallel to the real axis through point
s0i. This implies that γ intersects the images under fs+ti of both graphs of h1 and
h2 over [0, s0]. Therefore there is a subsegment γ
′ of γ that is in fs+ti(ΓD).
By the monotonicity of the module (See §3, property 3) we have
mod(fs+ti(ΓD)) ≥ mod(Γ⊥s+ti).
The family of curves Γ⊥s+ti is used in the proof of Lemma 5.3 to obtain the lower
bound. Therefore the lower bound in Lemma 5.3 implies
lim inf
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(ΓD)) ≥ s0 − 2m(A)
b− a .

We are ready to prove the lower bound for the general case.
Proposition 5.5. Under the above notation we have
lim inf
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(ΓB)) ≥ µ−ϕ([a, b]× [c, d]),
for all boxes of geodesics [a, b]× [c, d] ⊂ (S1 × S1)− diag.
Proof. Consider the set of all horizontal trajectories of ϕ that connect [a, b] to
[c, d]. They are divided into at most countably many horizontal strips {Sω}∞ω=1
such that Sω and Sω′ can have in common at most one of their boundary horizontal
trajectories for ω 6= ω′. Let βω be a segment of the vertical trajectory that defines
Sω (See Strebel [19]). Denote by Γω the family of curves in the strip Sω that
connects the vertical sides of Sω. Then Γω ⊂ ΓB and by monotonicity and additivity
mod(fs+ti(ΓB)) ≥
∑
ω
mod(fs+ti(Γω)).
We fix ω and estimate mod(fs+ti(Γω)). Let D be the image of Sω in the natural
parameter such that βω is mapped onto the interval [0, s0] of the y-axis. Then there
exist h1, h2 : [0, s0]→ R ∪ {−∞,∞} such that
D = {x+ yi ∈ C | 0 < y < s0, h2(y) < x < h1(y)},
h1(y) > 0 > h2(y) for all y ∈ [0, s0] and that lim infy→y0 h1(y) ≥ h1(y0) and
lim supy→y0 h2(y) ≤ h2(y0) for all y0 ∈ [0, s0]. The function h1 is lower semicontin-
uous and the function h2 is upper semicontinuous. Thus h1 has a minimum c1 > 0
and h2 has a maximum c2 < 0 on [0, s0].
In particular, both h1 : [0, s0]→ [c1,∞] and h2 : [0, s0]→ [−∞, c2] are Lebesgue
measurable and thus so are 1/h1 : [0, s0] → [0, 1/c1] and 1/h2 : [0, s0] → [1/c2, 0].
By a corollary to Lusin’s theorem applied to 1/h1 and 1/h2 (See Rudin [17, page
56]), there exist sequences of continuous functions 1/gn : [0, s0] → [0, 1/c1] and
1/fn : [0, s0] → [1/c2, 0] such that 1/gn(y) → 1/h1(y) and 1/fn(y) → 1/h2(y) as
n→∞ for a.a. y ∈ [0, s0]. Since gn(y)−fn(y) ≥ c1−c2 (again by Lusin’s theorem),
Lebesgue Dominated Convergence Theorem implies that
(6)
∫
B
dy
gn(y)− fn(y) →
∫
B
dy
h1(y)− h2(y)
for any Lebesgue measurable set B ⊂ [0, s0] as n→∞.
CONVERGENCE OF TEICHMU¨LLER DEFORMATIONS 11
We fix n and divide the interval [0, s0] into p subintervals Ik = [
k−1
p s0,
k
ps0) for
k = 1, 2, . . . , p. Define s1p(y) = maxIk gn and s
2
p(y) = minIk fn for y ∈ Ik. The two
step functions satisfy s1p ≥ gn and s2p ≤ fn on [0, s0]. Since 1/(gn − fn) is bounded
and continuous on [0, s0], it follows that∫
B
1
s1p(y)− s2p(y)
dy →
∫
B
1
gn(y)− fn(y)dy
for any Lebesgue measurable B ⊂ [0, s0] as p→∞.
Denote by An ⊂ [0, s0] the set of all y such that either gn(y) 6= h1(y) or fn(y) 6=
h2(y). The Lebesgue measure m(An) is going to zero as n→∞ by Lusin’s theorem.
LetDp denote the domain between the graphs of s
1
p and s
2
p. Since s
j
p for j = 1, 2 each
have p steps we conclude that Dp is the union of p rectangles Dp,k for k = 1, 2, . . . , p
whose vertical sides are the steps of sjp for j = 1, 2. Let An,k = An ∩ Ik.
We consider the curve family (Γp,ks+ti)
⊥ that consists of all Euclidean segments
orthogonal at both endpoints to the slanted sides of the parallelogram fs+ti(Dp,k)
such that the endpoints do not belong fs+ti[{(s1p(y), y)|y ∈ An,k} ∪ {(s2p(y), y)|y ∈
An,k}].
By Lemma 5.4 we get that
lim inf
s+|t|→∞
1
s+ t
2
s
mod((Γp,ks+ti)
⊥) ≥ s0 − 2m(An,k)
s1p(yk)− s2p(yk)
where yk ∈ Ik is arbitrary. Since (Γp,ks+ti)⊥ for k = 1, 2, . . . , p are pairwise disjoint
and each curve in (Γp,ks+ti)
⊥ contains a curve in fs+ti(Γω), we get
lim inf
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γω)) ≥
p∑
k=1
m(Ik)
s1p(yk)− s2p(yk)
− 2
p∑
k=1
m(An,k)
s1p(yk)− s2p(yk)
which gives
lim inf
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γω)) ≥
∫
[0,s0]
dy
s1p(y)− s2p(y)
− 2
∫
An
dy
s1p(y)− s2p(y)
.
By letting p→∞ in the above inequality we obtain
lim inf
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γω)) ≥
∫
[0,s0]
dy
gn(y)− fn(y) − 2
∫
An
dy
gn(y)− fn(y) .
Since
∫
An
dy
gn(y)−fn(y) ≥
m(An)
c2−c1 → 0 as n → ∞, by letting n → ∞ the above
inequality gives
lim inf
s+|t|→∞
1
s+ t
2
s
mod(fs+ti(Γω)) ≥
∫
[0,s0]
dy
h1(y)− h2(y) = µ−ϕ(βω).
The proposition follows by summing the above inequality over all ω. 
Let hλ : S
1 → S1 be the quasisymmetric map representing Dϕ(λ). Propositions
5.2 and 5.5 imply the projective weak* convergence of L(hλ) to µe−iθϕ as λ→ eiθ
and this finishes the proof of Theorem 5.1.
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5.3. Proof of Theorem 1.3. If B = [a, b] × [c, d] is a box of geodesics, in the
previous section we established that lims+|t|→∞ 1
s+ t
2
s
mod(fs+ti(ΓB)) = µ−ϕ(B).
Let A(z) = −z+1z+1 and λ = A(s+ ti). Note that s+ ti =
−λ+1
λ+1 and s =
1−|λ|2
|1−λ|2 . Then
s+ |t| → ∞ if and only if λ→ −1 and we have
lim
s+|t|→∞
[s2 + t2
s
]
/
[ 2
1− |λ|
]
= 1.
Then Lemma 4.1 implies limλ→−1
1−|λ|
2pi L(hλ) = µ−ϕ.
Let Bθ(z) = −e−iθz. Then we have
Dϕ(λ) =
[
λ
ϕ¯
|ϕ|
]
=
[
Bθ(λ)
−e−iθϕ
|ϕ|
]
.
Note that Bθ(λ) → −1 if and only if λ → eiθ. Then the above limit implies that
limλ→eiθ
1−|λ|
2pi L(hλ) = µe−iθϕ for each eiθ ∈ S1 and the proof is completed.
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